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LGi cam on

Luan van nay dugc hoan thanh tai truong Dai hoc Khoa hoc - Dai hoc
Thai Nguyén. Tac gid xin bay t6 long biét on sau sic déi véi GS. TSKH
Nguyén Van Mau (Truong DH Khoa hoc Ty nhien, DHQGHN), thay da
tryc tiép huéng dan tan tinh va dong vién tac gid trong sudt thoi gian
nghién citu vira qua.

Xin chan thanh cadm on téi cac quy thay, co gido da truc tiép gidng day
16p cao hoc Toan K11, cac ban hoc vién, va cac ban dong nghiép da tao
diéu kién thuan loi, dong vién gitp do tac gid trong qua trinh hoc tap va
nghién cttu tai truong. Tac gia cling xin bay t6 long biét on sau sic t6i gia
dinh v& nguoi than luon khuyén khich dong vién tac gid trong sudt qua
trinh hoc cao hoc va viét luan van nay.

Msic du c6 nhiéu ¢6 gang nhung luan van kho tranh khoi nhiing thiéu
s6t va han ché. Tac gid mong nhan dude nhitng ¥ kién déng gbp clia cac
thay co va cac ban doc dé luan van duge hoan thién hon.

Xin chan thanh cdm on!

Thai Nguyén, thang 4 nam 2019

Tac gia

Nguyén Thi Thu Cic
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MG dau

Luan van "Bat phuong trinh ham sinh béi cac dai lugng trung binh bac
tlly ¥ va cac dang toan lién quan" nhim cung cap mot s6 van dé co ban
vé phuong trinh va bat phuong trinh ham chuyén tiép cac dai lugng trung
binh, qua dé phan tich mot s dang toan lién quan trong cac dé thi hoc
sinh giéi Viét Nam cling nhu cac bai thi Olympic cac nuée va khu vue.

Trong cac ki thi hoc sinh gidi toan cac cap, Olympic Toan sinh vién,
cac dang toan lien quan t6i phuong trinh va bat phuong trinh ham thuong
xuyén dugce dé cap. Nhiing dang toan nay thuong duge xem la thuoc loai
khé vi phan kién thitc vé chuyén dé nay khong nam trong chuong trinh
chinh thtic cia SGK bac trung hoc pho thong.

Dé dap tng nhu cau boi dudng gido vién va boi dudng hoc sinh giéi vé
chuyén dé phuong trinh va bat phuong trinh ham, toi chon dé tai luan van
"Bat phuong trinh ham sinh bdi cac dai luong trung binh bac tly ¥ va cac
dang toan lién quan".

Nhitng nam gan day da c6 mot s6 luan van cao hoc khao sat cac phuong
trinh (xem [4]) va bat phuong trinh ham (xem [5]) chuyén tiép céc dai lugng
trung binh co ban. Luan van nay nham muc tiéu hoan thién chuyen deé ve
bat phuong trinh ham chuyén tiép céc dai luogng trung binh bac tuy ¥
nhim gitp cac gido vién ciing nhu hoc sinh trong viéc boi dudng hoc sinh
gidi cap trung hoc phd thong.

Tiép theo, trong luan van khéo sat mot sd 16p bai toan vé phuong trinh
va bat phuong trinh ham tit cdc dé thi hoc sinh giéi Qubc gia va Olympic
cac nuéc nhitng nam gan day.

Cau trac luan van gom 3 chuong:

Chuong 1. Phuong trinh ham chuyén tiép cac dai lugng trung binh.



Chuong 2. Bat phuong trinh ham sinh béi cac dai lugng trung binh.
Chuong 3. Mot s6 phuong phap giai phuong trinh, bat phuong trinh
ham qua cac ky thi Olympic.



Chuong 1. Phuong trinh ham
chuyén tiép cac dai luong

trung binh

Trong chuong nay, ta nhic lai mot so6 kién thic vé tap hop va cidc ham
s6 so cap. Dong thoi, ta xét 16p ham chuyén tiép tit dai lugng trung binh
cong, 16p ham chuyén tiép tit cac dai lugng trung binh khac, phuong trinh
ham Lobachevsky, mdi lién hé gitta phuong trinh ham Lobachevsky va
phuong trinh ham co6 dién.

1.1 Mot sé tinh chat ctia tap hdp va ciac ham sb
SO cép
Trong muc nay, ta nhic lai mot s6 kién thic co ban vé tap hop can
thiét duge st dung dé gidi cac phuong trinh ham lién quan.

Dinh nghia 1.1 (xem [2],[3]).
a) Ham s f(z) duge goi 1a ham tuan hoan (cong tinh) chu ky a, (a > 0)
tren M néu M C D(f) va

Vee M thi v*aec M
flz+a)= f(x), Voe M.
b) Cho f(z) l1a mot ham tuan hoan tren M. Khi d6 T' (T > 0) dugdc goi

la chu ky co ¢6 ctia f(x) néu f(z) tuan hoan véi chu ky 7" ma khong 1a
ham tuan hoan véi bat cit chu ky nao bé hon T.



Bai toan 1.1 (xem [2], [3]). Ton tai hay khong ton tai mot ham so6
f(x) # hang sd, tuan hoan trén R nhung khong ¢6 chu ky co sé.
Lot giai. Xét ham Dirichlet

0, khi z€Q

flw) = 1, khi z¢Q.

Khi d6 f(x) 1a ham tuan hoan tréen R chu ky a € Q* tuy y. Vi trong Q*
khong c¢6 s6 nhé nhat nén ham f(x) khong c¢6 chu ky co sd.

Bai toan 1.2 (xem [2], [3]). Cho cdp ham f(z), g(x) tuan hoan tréen M
c6 cac chu ky lan lugt 1a a va b véi a/b € Q.
Chiing minh rang F(x) := f(x) + g(z) va G(z) := f(z)g(x) clng la
nhitng ham tuan hoan trén M.
Loi gidi. Theo gid thiét Im,n € N, (m,n) = 1 sao cho a/b = m/n.
Dat
T = na = mb.

Ta co

Flx+T)=f(x+na)+glx+mb) = f(z)+g(x) = F(x), VeeM
Gz +T) = f(x+na)g(x + mb) = f(x)g(x) = G(z), Vee M

Hon nita, dé thay Vo € M thi x £ T € M. Vay F(x),G(x) la nhiing ham
tuan hoan trén M.

Tiép theo, ta xét ham s6 f(x) véi tap xac dinh D(f) C R va tap gia
tri R(f) C R.

Dinh nghia 1.2 (xem [2],[3]).
a) f(x) duge goi 1a ham s6 chdn tréen M, M € D(f) (goi tat 1a ham ch&n

tren M) néu
Vee M thi —xe M va f(—x)= f(z), Ve M.

b) f(x) dugc goi 1a ham s6 1é tréen M (goi tat 13 ham 16 tréen M) néu
Vee M thi —xze M va f(—x)=—f(x), Yoz e M.

Bai toan 1.3. Cho zy € R. Xéc dinh tat ci cac ham s6 f(x) sao cho

flzg—2z) = f(z), Vx € R. (1.1)
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Léi gidi. Datx:?o—tsuyrat:?o—x. Khi dé

To
ZEQ—IZE—Ft

va (1.1) ¢6 dang

f<@+t):f<%—t),Vt€R. (1.2)

Dat g(t) = f(% + t) thi

L0
1) = <——t>, t) = (t——).

9(=t) = 15 F) =g\t =3
Khi d6 (1.2) ¢6 dang g(—t) = g(t), Vt € R. Vay ¢(¢) 1a ham chén trén R.
Két luan.

Lo
f)=g(x =),

trong d6 g(x) 14 ham chén tuy § trén R.
Bai toan 1.4. Cho a,b € R. Xac dinh tat ca cac ham s6 f(x) sao cho

fla—2x)+ f(x) =b, Vo €R. (1.3)

a
Loi giai. Dat 5 T ET= t, khi do

a ; . a ;
r=——1t W —x=—=+1.
5 ;va a—x 5
Khi do (1.3) c6 dang
a a
—+t)+ (——t)—— b. 1.4
f<2 / 2 ( )

a b
f(53+t)=—5 =90
Khi dé c6 the viét (1.4) dusi dang
g(—t)+g¢g(t) =0, VteR

hay la
g(—t) = —g(t), VteR.

Vay ¢(t) 1a ham s6 1é tren R.



